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A PROOF OF THE SCHINZEL-ZASSENHAUS
CONJECTURE ON POLYNOMIALS
VESSELIN DIMITROV
Abstract. We prove that if P (X) ∈ Z[X ] is an integer poly-
nomial of degree n and having P (0) = 1, then either P (X) is a
product of cyclotomic polynomials, or else at least one of the com-
plex roots of P belongs to the disk |z| ≤ 2−1/(4n). We also obtain a
relative version of this result over the compositum Qab ·Qt.p of all
abelian and all totally p-adic extensions of Q, for any fixed prime p,
and apply it to prove a Qab · Qt.p-relative canonical height lower
bound on the multiplicative group. Another extension is given
to a uniform positive height lower bound, inverse-proportional to
the total number of singular points, on holonomic power series in
Q[[X ]] and not of the form p(X)/(Xk − 1)m, where p(X) ∈ Q[X ],
with a further application to existence of a small critical value for
certain rational functions.
1. Introduction and main results
In this paper we propose a solution of the Schinzel-Zassenhaus con-
jecture on integer polynomials [37]. The method, approximately speak-
ing, is to blend two distinct traditions in number theory: the arithmetic
algebraization theorem of Carlson, Po´lya and Bertrandias (cf. Am-
ice [1], The´ore`me 5.4.6, and Chambert-Loir [17] for an overview of
this subject); and a use of an Euler-Frobenius congruence at a sin-
gle and fixed prime p, rather in the style of Amoroso and Dvorni-
cich [4] (cf. Deligne [18] for the most general such congruence in the
unramified case, in the form of the Frobenius-twisted identity tr(Ap
n
) =
F (tr(Ap
n−1
)) for a square matrix A over the ring of length-n Witt vec-
tors of an Fp-algebra).
Our result is completely explicit:
Theorem 1. Let P ∈ Z[X ] be a monic integer irreducible polynomial
of degree n > 1. If P is not cyclotomic, then
max
α:P (α)=0
|α| ≥ 2 14n = 1 + log 2
4n
+O(1/n2).
Reflecting the {p,∞}-adic nature of the method, our result extends
in a relative form over the compositum Qab · Qt.p in C of all abelian
1
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extensions of Q and all finite Galois extensions K/Q in which a fixed
prime p splits completely. Throughout the paper, let us denote by Op
the ring of algebraic integers of this infinite Galois extension Qab ·Qt.p
of Q.
Theorem 2. Let P (X) ∈ (Qab · Qt.p)[X ] be an irreducible (over Qab ·
Qt.p) polynomial of degree n > 1. With K ⊂ Qab ·Qt.p a finite subexten-
sion of (Qab ·Qt.p)/Q containing the coefficients of P , define cP/K ∈ N
to be the leading coefficient of the element of Z[X ] proportional to
NK/Q(P ) and without common prime factor for its coefficients, with
the convention cP/K > 0. (Thus cP/K ≤ |NK/Q(a0)| if P (X) ∈ Op[X ]
with leading coefficient a0 ∈ Op, and in particular, cP/K = 1 in the case
of a monic P (X) ∈ Op[X ].)
Then
p3
[K : Q]
log cP/K +
2p2
[K : Q]
∑
σ:K →֒C
max
α:σ(P )(α)=0
log+ |α| ≥ log 2
n
.
In the case that p is unramified in F , the inequality strengthens to
1
2[K : Q]
log cP/K +
1
[K : Q]
∑
σ:K →֒C
max
α: σ(P )(α)=0
log+ |α| ≥ log 2
2p2n
.
Lastly, in the case that P (X) ∈ Qt.p[X ], it strengthens further to
1
[K : Q]
log cP +
1
[K : Q]
∑
σ:K →֒C
max
α:σ(P )(α)=0
log+ |α|
−1
p
1
[K : Q]
∑
σ:K →֒C
min
α:σ(P )(α)=0
log+ |1/α| ≥ log 2
p2n
.
The proof of Theorem 1, given on pages 15–16, requires only a rela-
tively small part of the preparatory material in the paper: Lemma 2.1,
Proposition 2.2, Lemma 2.3 and Corollary 5. If P ⋆(X) := XnP (1/X) is
the reciprocal polynomial, the monicity condition translates to P ⋆(0) =
1, and Theorem 1 is equivalent to the dichotomy that either P ⋆(X) is
cyclotomic, or else P ⋆(z) has at least one complex root belonging to
the disk |z| ≤ 2− 14n .
Our approach in a nutshell consists of expanding
(1) f(1/X) :=
√ ∏
α:P (α)=0
(1− α2/X)(1− α4/X) ∈ Z[[1/X ]]
in a formal power series about ∞ ∈ P1, verifying that the coefficients
in this expansion are integers, and applying Bertrandias’s theorem to
the power series f(1/X) and the “hedgehog” K = Kf consisting of
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the radial line segments joining 0 to the set of 2n (or fewer) roots
{α2, α4 | P (α) = 0}. It turns out that this hedgehog K has transfinite
diameter less than 1 if maxα:P (α)=0 |α| < 2 14n .
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2. The p-adic input: a mod p2 congruence and integrality
of the coefficients of a certain algebraic power series
In this section we explain the key integrality property (1) (case p =
2), and its generalization to an arbitrary prime p. This is the p-adic
input of our approach. We begin with the simplest case, which suffices
for the proof of Theorem 1, and follow it up with the generalization.
The following is due independently to Smyth [40] and Arnold [7, 8].
We include the short proof for the reader’s convenience.
Lemma 2.1 (Arnold [7, 8], Smyth [40]). Consider P (X) ∈ Z[X ] an
integer monic polynomial, with factorization P (X) =
∏n
i=1(X − αi)
over C. Define the ancillary sequence of integer polynomials (Pm)m∈N
by
Pm(X) :=
n∏
i=1
(X − αmi ) ∈ Z[X ].
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Then the following mod 4 congruence holds:
(2) P4 ≡ P2 mod 4Z[X ].
Proof. The simplest way to see it is by the following symmetric powers
argument, told to me by Jacob Tsimerman. First off, we easily see the
congruence
∑n
i=1 α
4
i ≡
∑n
i=1 α
2
i mod 4 for the X
n−1 terms. For, by the
Newton-Girard identities expressing the power sums sm :=
∑n
i=1 α
m
i as
polynomials in the n elementary symmetric functions e1, . . . , en ∈ Z of
the roots αi, we have
s2 = e
2
1 − 2e2,
s4 = e
4
1 + 2e
2
2 − 4(e21e2 − e1e3 + e4),
which are manifestly congruent mod 4 as e1, e2, e3, e4 ∈ Z.
For the general case with the Xn−k coefficients, we simply apply the
previous to the new “k-th symmetric power” polynomial∏
I
(X − αi1 · · ·αik) ∈ Z[X ],
where the product is over all k-element sets I = {i1, . . . , ik} ⊂ {1, . . . , n}.

The following consequence is the crucial 2-adic integrality property
needed for our proof of Theorem 1. It is based on the observation that
(3)
√
1 + 4Y =
∞∑
k=0
(
1/2
k
)
4kY k ∈ Z[[Y ]].
Proposition 2.2. Consider a polynomial Q ∈ Z[X ] such that Q(0) = 1
and Q mod 4 is a perfect square in (Z/4)[X ]. Then the square radi-
cal
√
Q(X) has an X = 0 Taylor expansion with integer coefficients:√
Q(X) ∈ 1 +XZ[[X ]].
In particular, for every integer polynomial P ∈ Z[X ] having P (0) =
1, we have
(4)
√
P2(X)P4(X) ∈ Z[[X ]].
Proof. By assumption, we can write Q(X) = U(X)2 + 4V (X), with
U(X), V (X) ∈ Z[X ] and U(0) = 1, V (0) = 0. We have√
Q(X) = U(X)
√
1 + 4V (X)/U(X)2 ∈ Z[[X ]],
upon applying (3) with Y := V (X)/U(X)2 ∈ XZ[[X ]]. 
Examples. Interesting examples of algebraic or holonomic power
series with integer coefficients are often found among the generating
functions enumerating certain lattice walks, cf. [13, 14]. The simplest,
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and most celebrated cases are the Catalan, Schro¨der and Motzkin num-
bers, of respective generating functions
1−√1− 4x
2x
,
1− x−√1− 6x+ x2
2x
,
and
1− x−√1− 2x− 3x2
2x2
.
In the light of Proposition 2.2, we see a purely algebraic reason that
these quadratic algebraic functions happen to have integer coefficients
expansions: the expressions under the square root are congruent mod-
ulo 4 to a perfect square: respectively, 1, (x− 1)2 and (x− 1)2.
Next, we figure out the cases that the function (4) is rational, i.e.
that the polynomial P2P4 is a perfect square. This is the place in the
argument where the cyclotomic cases are recognized and excluded.
Lemma 2.3. Suppose that P (X) ∈ Z[X ] is a monic integer irreducible
polynomial of degP > 1, such that P2(X) is not a perfect square. Then
the following are equivalent:
(i) P is a cyclotomic polynomial of an odd level;
(ii) P2 = P4;
(iii) P2P4 is a perfect square;
(iv) the function
√
P2P4 is rational.
Proof. If P = ΦN with N odd, it is plain that P4 = P2 = ΦN also, and
hence
√
P2P4 = ΦN .
Reversely, suppose that P2P4 is a perfect square, and take any root
α of our irreducible polynomial P . Since we assume the polynomial
P2 ∈ Z[X ] to be irreducible, α2 has to be among the roots σ(α)4 of P4,
with σ ranging over the Galois group of the polynomial P . Letting k
the order of σ, we get by a k-fold iteration:
α2 = σ(α2)2 = σ2(α)2
3
= σ2(α2)2
2
= · · · = σk(α)2k+1 = α2k+1.
Hence α is a root of unity.
An alternative argument, based on the theory of the Weil height, is
to note that α2 = σ(α4) implies that 2h(α) = h(α2) = h(α4) = 4h(α),
hence h(α) = 0, and once again α is a root of unity. 
In the remainder of this section, we extend our preparatory results
so far to the relative setting over Qab ·Qt.p. The reader interested only
in the proof of Theorem 1 can skip directly to section 3.
A PROOF OF THE SCHINZEL-ZASSENHAUS CONJECTURE 6
We begin by characterizing the ring of algebraic p-integers in Qab ·
Qt.p: the elements that fall in the valuation ring
OCp = {x ∈ Cp | |x|p ≤ 1}
under every field embedding Qab · Qt.p →֒ Cp in the completion Cp of
an algebraic closure of Qp. Let Rp ⊂ Qt.p be the subring of algebraic
p-integers in Qt.p.
Lemma 2.4. The algebraic p-integers in Qab ·Qt.p consist precisely of
the elements of the form
η = f(ζ), where f(X) ∈ Rp[X ] and ζ ∈ µ∞ is a root of unity.
Proof. Clearly these elements are algebraic p-integers in Qab ·Qt.p. For
the converse, let η ∈ Qab · Qt.p be a p-integral element, and consider
first the case that p does not ramify in Q(η). By the Kronecker-Weber
theorem, there is then a root of unity ζN of an order N 6≡ 0 mod p, and
a unique polynomial f(X) ∈ Qt.p[X ] of deg f < [Qt.p(ζN) : Qt.p], such
that η = f(ζN). We need to see that the coefficients of f(X) belong
to the subring Rp of algebraic p-integers in Q
t.p. This follows upon
noting that the Gal((CN · Qt.p)/Qt.p)-conjugates of η are expressed as
a linear system in the coefficients of f , with N -th roots of unity as the
coefficients of the linear system. As
∏
ζ∈µN\{1}
(1 − ζ) = N , this non-
vanishing square determinant has an inverse in Rp[1/N ]. The latter
ring is equal to Rp as p ∤ N in our case under consideration, and
Cramer’s formula expresses the coefficients of f(X) as p-integral linear
combinations of the Gal((CN ·Qt.p)/Qt.p)-conjugates of η, which in turn
we assume to be themselves algebraic p-integers. Hence f(X) ∈ Rp[X ],
finishing the unramified case.
For the general case, the Kronecker-Weber theorem implies again
that η ∈ CN · Qt.p for some N , where CN := Q(µN) is the cyclotomic
field of level N . Writing N = pfM with p ∤M , let us consider g(X) ∈
(CM ·Qt.p)[X ] the unique polynomial of degree satisfying
deg g < [CN ·Qt.p : CM ·Qt.p] = #(Z/pfZ)× = pf−1(p− 1)
such that η = g(ζpf − 1), where ζpf ∈ µpf is a primitive root of unity
of order pf . As (p) = (ζpf − 1)pf−1(p−1) in OC
pf
, we have
valp(ζpf − 1) = 1/(pf−1(p− 1))
for the p-adic valuation normalized by valp(p) = 1. Under any embed-
ding of Qab · Qt.p →֒ Cp the valuation of η is non-negative while the
valuations of the coefficients of g are rational integers, and comparing
valuations in the equation η = g(ζpf − 1) shows that g has p-integral
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coefficients in CM ·Qt.p. Now p ∤M , and we are reduced to the previous
(unramified) case. 
We turn now to the generalization of Lemma 2.1, relative over Qab ·
Qt.p. For polynomials over Z, several different proofs can be found
in Smyth [40], Arnold [7], Zarelua [42, 43], Vinberg [41], Deligne [18]
and Dubickas [24]. Those proofs also apply relatively over a totally
p-adic field. We explain now how to derive our requisite Qab · Qt.p-
relative congruence from the results in [41]. Extending the notation of
Lemma 2.1 to the non-monic case, we define
P (X) = a0
n∏
i=1
(X − αi) and Pm(X) := am0
n∏
i=1
(X − αmi ),
so that Pm ∈ Op[X ] whenever P ∈ Op[X ]. The following ramification
dichotomy is in the style of Amoroso and Dvornicich [4]. We may call
the Galois automorphism κ here the Amoroso-Dvornicich element. In
the unramified case (i), this element is canonical and coincides with
the unique Frobenius element at p; compare to Deligne [18], of which
(i) with κ = Frobp is a very particular case. In the ramified case (ii),
however, κ is non-canonical and amounts to a choice of a generator for
the cyclic group Gal(CN/CN/p) ∼= (Z/p)×.
Lemma 2.5. For every finite Galois subextension F/Q of Qab ·Qt.p/Q,
there exists a field automorphism κ ∈ Gal(F/Q) such that the following
congruence holds true.
Let P (X) ∈ OF [X ] be a polynomial with coefficients belonging to the
ring of integers OF = F∩Op of F , with leading coefficient a0 ∈ OF\{0},
and irreducible over Op.
(i) If p is unramified in F , then
(5) Pp2 ≡ P κp mod p2 · Op[X ];
(ii) If p is ramified in F , so that p | N for the minimal level N of a
cyclotomic field CN := Q(exp(2πi/N)) with F ⊂ CN ·Qt.p, then
(6) Pp2 ≡ P κp2 mod p2 ·Op[X ],
and moreover, if P κp2 and Pp2 are constant multiples of one
another, then there exists a root of unity ζ ∈ µNp such that
(a0ζ
n)−1P (ζX) ∈ (CN/p ·Qt.p)[X ].
Proof. Let us first consider the case that p is unramified in F . Thus
there exists a cyclotomic field CN with p ∤ N , such that P (X) ∈ (CN ·
Qt.p)[X ]. In this case we define κ|CN := Frobp = 〈p〉 to be the Frobenius
element of Gal(CN/Q) ∼= (Z/N)×, raising the roots of unity ζN 7→ ζpN
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to the p-th power. We define κ ∈ Gal(F/Q) by extending κ to be the
identity on the totally p-adic field. In other words κ ∈ Gal(F/Q) is
the unique member of the Frobenius conjugacy class at p of the finite
Galois extension F/Q unramified over p; this Frobenius conjugacy class
is central (a singleton) by our assumption that F is contained in the
composite of an abelian and totally p-adic Galois extensions of Q. We
verify the congruence (5) for this Galois element κ.
As in the proof of Lemma 2.1, the k-th symmetric powers trick re-
duces our task to verifying the mod p2 congruence between two ele-
ments of the integer ring Op of Q
ab ·Qt.p:
(7)
n∑
i=1
αp
2
i ≡ κ
( n∑
i=1
αpi
)
mod p2 · Op,
provided that all the elementary symmetric functions in the αi are
in OF . This congruence is a special case of Deligne’s identity [18] ap-
plied to n = 2 (of loc. cit.) andR = Op/a ranging over all characteristic
p quotient rings of Op.
Let us indicate also how to derive (7) from the results in Vinberg [41].
We start with the basic Frobenius congruence
(8)
( n∑
i=1
αi
)p
≡ κ
( n∑
i=1
αi
)
mod p ·Op,
defining our choice of the Galois element κ ∈ Gal(F/Q). Raising it to
the power p, using that (c+ pA)p ≡ cp mod p2 · Z[A], we get:
(9)
( n∑
i=1
αi
)p2
≡ κ
( n∑
i=1
αi
)p
mod p2 · Op.
The congruence (7) follows now upon expanding the multinomials in
(9) and using Lemma 1 and Theorem 2 (on the multinomial coefficients)
in Vinberg [41]. See also the congruence (9) of loc. cit. to cover the
cases p = 2 and p = 3. This concludes the proof of the unramified case
and the congruence (5).
Consider now the case that p ramifies in F , so that p | N for the
minimal level N of a cyclotomic field CN having F ⊂ CN ·Qt.p. In this
case, following the lead from Amoroso and Dvornicich [4], we firstly
define κ ∈ Gal(CNp/Q) to be a generator for the cyclic Galois group
Gal(CNp/CN/p), and extend it by the identity on the totally p-adic field.
Concretely, we pick choices ζNp ∈ µNp and λ ∈ µp2 of primitive roots
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of unity of respective orders Np and p2, and define κ(ζpN) := λζpN and
(10) κ
( Np−1∑
j=0
ajζ
j
Np
)
:=
Np−1∑
j=0
ajλ
jζjNp for aj ∈ Qt.p.
This restricts as a field automorphism of F/Q. If the polynomials Pp2
and P κp2 are scalar-proportional, then for any root α = αi of P there
exists a root of unity ξ = λr ∈ µp2 of order dividing p2 and such
that ξα is among the roots of P κ. Choosing ζ := ζrNp ∈ µNp, we have
κ(ζ) = λrζ = ξζ , and hence ζ−1α is a root of both P (ζX) and P (ζX)κ.
As we assume that P (X), and hence (equivalently) P (ζX) ∈ Op[X ], is
irreducible over Op, it follows that the polynomials (a0ζ
n)−1P (ζX) =
((a0ζ
n)−1P (ζX))κ. This means that (a0ζ
n)−1P (ζX) ∈ (CN/p ·Qt.p)[X ].
Let us verify the congruence (6) for this Galois element κ ∈ Gal(F/Q).
By the k-th symmetric power trick, we are once again reduced to es-
tablishing
(11)
n∑
i=1
αp
2
i ≡ κ
( n∑
i=1
αp
2
i
)
mod p2 · Op
whenever the elementary symmetric functions of the αi belong to OF .
We start as before with the more basic mod p congruence
(12)
( n∑
i=1
αi
)p
≡ κ
( n∑
i=1
αi
)p
,
which we prove (cf. the argument for Lemma 2 (2) in [4]) by writing
out η :=
∑n
i=1 αi = f(ζN) via Lemma 2.4, with f(X) ∈ Rp[X ], and
specializing the Fermat congruence f(X)p ≡ f(Xp) mod p · Rp[X ] to
X = ζN . This gives the first congruence as κ(η
p) = κ(f(ζN)
p) ≡
κ(f(ζpN)) ≡ f(κ(ζpN)) = f(ζpN) ≡ f(ζN)p = ηp mod p · Rp by the
definition (10) of κ.
From this, noting (c+ pA)p ≡ cp mod p2 · Z[A], we similarly obtain
(13)
( n∑
i=1
αi
)p2
≡ κ
( n∑
i=1
αi
)p2
mod p2 · Op.
The result (11) now similarly follows from Vinberg’s multinomial coef-
ficients congruences [41]. 
As a consequence of this congruence, we derive an integrality result
for the Taylor series of the algebraic functions of the form p
√
P p−1p P κp2,
respectively p
√
P p−1p2 P
κ
p2 . This property is the centerpiece of the method
we propose in the present paper.
A PROOF OF THE SCHINZEL-ZASSENHAUS CONJECTURE 10
Proposition 2.6. Continuing with the notation from Lemma 2.5, let
P (X) =
∑n
i=0 ciX
i ∈ OF [X ]. For v ∈ MfinF a non-Archimedean valua-
tion of F , consider the absolute value | · |v normalized so that |ℓ|v = ℓ−1
for the unique rational prime ℓ dividing v. Then the X = 0 Taylor
series expansion of
(14) p
√
Pp(X)p−1P κp2(X)
in case (i) is convergent on the v-adic disk |X|v <
(|c0|v/maxni=0 |ci|v)p2,
and the X = 0 Taylor series expansion of
(15) p
√
Pp2(X)p−1P
κ
p2(X)
in case (ii) is convergent on the v-adic disk |X|v <
(|a0|v/maxni=0 |ai|v)p3.
Proof. Observe that, by expanding Newton’s binomial,
(16) (1 + p2Y )1/p =
∑
j≥0
(
1/p
j
)
p2jY j ∈ Z[[Y ]],
where the p-adic valuation in
(
1/p
j
)
is−j−valp(j!) ≥ −2j. By Lemma 2.5,
the polynomial Ppe(X)
p−1Pp2(X)
κ is congruent mod p2 to the perfect
p-th power Ppe(X)
p, where e = 1 in case (i) and e = 2 in case (ii). This
means that there is an H ∈ XOF [[X ]] such that Ppe(X)p−1P κp2(X) =
Ppe(X)
p + p2H(X).
Let Cv denote the completion of an algebraic closure of the field
Fv, with OCv := {z ∈ Cv | |z|v ≤ 1} its valuation ring. For any
c ∈ Cv \ {0}, by our normalization that |ℓ|v = 1/ℓ for the unique
rational prime ℓ | v, we have |c|v ∈ C×v with ||c|v|v = 1/|c|v. For any
polynomial Q(X) =
∑n
i=0 biX
i ∈ OCv [X ] having b0 = Q(0) 6= 0, we
have by a geometric series expansion:
b0|Q|v
/
Q
(
b0|Q|vX
) ∈ OCv [[X ]],
where |Q|v := maxni=0 |bi|v is the Gauss norm.
Our statement being trivial when c0 = 0, apply the latter property
to the polynomial Q(X) := Ppe(X) ∈ OCv [X ], having Q(0) = cp
e
0 ∈
{cp0, cp
2
0 }. We get an integral expansion
cp
e+1
0 |P |p
e+1
v · Ppe(cp
e
0 |P |p
e
v ·X)−p ∈ OCv [[X ]].
Here, we have used Gauss’s lemma (cf. Bombieri-Gubler, Lemma 1.6.3),
yielding |Ppe|v = |P |pev . A fortiori, as c0|P |v ∈ OCv , it follows
(17) cp
e+1
0 |P |p
e+1
v · Ppe(cp
e+1
0 |P |p
e+1
v ·X)−p ∈ OCv [[X ]].
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Thus
p
√
Ppe(c
pe+1
0 |P |p
e+1
v X)p−1P κp2(c
pe+1
0 |P |p
e+1
v X)
= Ppe(c
pe+1
0 |P |p
e+1
v X)
p
√
1 + p2H(cp
e+1
0 |P |p
e+1
v X)Ppe(c
pe+1
0 |P |p
e+1
v X)−p
∈ OCv [[X ]],
upon applying (16) to the substitution
Y (X) = H(cp
e+1
0 |P |p
e+1
v ·X)
/
Ppe(c
pe+1
0 |P |e+1v ·X)p ∈ XOCv [[X ]].
The integrality of the last expansion comes from (17) on noting that
H(X) ∈ XOF [[X ]].
The result follows now from the integrality of this expansion and∣∣cpe+10 |P |e+1v ∣∣v = (|c0|v/|P |v)pe+1 = (|c0|v/maxni=0 |ci|v)pe+1 . 
The following is the generalization of Lemma 2.3. It handles the
ramified case (i); here and in the sequel, κ is the Amoroso-Dvornicich
element from Lemma 2.5. As µ∞ ⊂ Op, the cyclotomics split in linear
factors over Op, hence they are excluded as soon as we suppose our
polynomial P ∈ Op[X ] is irreducible and non-linear.
Lemma 2.7. Suppose that the polynomial P (X) ∈ Op[X ] is irreducible
over Op, of degree > 1, and with leading coefficient a0. Suppose also
that the polynomial Pp(X) is a perfect p-th power in Op[X ]. Then the
following are equivalent:
(i) a−p
2
0 Pp2 = a
−p
0 Pp;
(ii) a−p
2
0 Pp2 = η(a
−p
0 )P
η
p for some η ∈ Gal(F/Q);
(iii) the polynomial Pp(X)
p−1P κp2(X) is a perfect p-th power.
(iv) the function p
√
Pp(X)p−1P κp2(X) is rational.
Proof. It is essentially the same as the proof of Lemma 2.3. Suppose
that Pp(X)
p−1P ηp2(X) is a perfect p-th power for some η ∈ Gal(F/Q),
and take any root α of our irreducible polynomial P (X). Since we
assume the polynomial Pp(X) to be irreducible over F , α
p has to be
among the roots σ(α)p
2
ofNF/Q(Pp2(X)), with σ ranging over Gal(F/Q).
Letting k the order of σ, we get by a k-fold iteration:
αp = σ(αp)p = σ2(α)p
3
= σ2(αp)p
2
= · · · = σk(α)pk+1 = αpk+1.
Hence α is a root of unity.
An alternative argument, based on the theory of the Weil height, is to
note that αp = σ(αp
2
) implies that ph(α) = h(αp) = h(αp
2
) = p2h(α),
hence h(α) = 0, and once again α is a root of unity. 
A PROOF OF THE SCHINZEL-ZASSENHAUS CONJECTURE 12
For the ramified case (ii), we will need to analyze when Pp2 is a
perfect p-th power. Two basic examples where this occurs are P (X) =
Xp
2−2, with Pp(X) = (Xp−2)p and Pp2(X) = (X−2)p2, and P (X) =
Xp − 2, with Pp(X) = (X − 2)p and Pp2(X) = (X − 2p)p. In both,
already Pp is a perfect p-th power. Our next lemma shows that this
feature is general, when P is irreducible over Op.
Lemma 2.8. If P ∈ Op[X ] is irreducible (over Op) and Pp2 is a perfect
p-th power, then already Pp is a perfect p-th power.
Proof. Let α be a root of P (X). As αp
2
is among the roots of Pp2,
which we assume a perfect p-th power, there must be a non-trivial root
of unity λ ∈ µp2 \ {1}, of order either p or p2, such that λα is also
among the roots of P (X). As P ∈ Op[X ] is irreducible, and λ ∈ Op,
it follows that λjα is a root of P for every j ∈ N: there is an element
σ in the Galois group of P over Op carrying σ(α) = λα (the Galois
group of an irreducible polynomial acts transitively on the roots), and
then σ(λα) = λσ(α) = λ2α, . . . , σ(λj−1α) = λj−1σ(α) = λjα are also
roots. Thus αp is a p-fold root of Pp(X), and Pp(X) is a perfect p-th
power. 
3. The Archimedean input: hedgehogs in the Riemann
sphere and Dubinin’s theorem
By a hedgehog with vertices a1, . . . , an ∈ C× we mean the union of
the n closed radial segments [0, ai] joining the origin 0 to the points ai in
the complex plane. Let us denote this hedgehog by K(a1, . . . , an) ⊂ C.
The simplest way to supply the Archimedean ingredient in our proof,
also leading to the constant 21/4 in Theorem 1, is to use the following
theorem of Dubinin [25, 27]. It is itself a byproduct of Dubinin’s solu-
tion of a problem of Gonchar concerning maximal harmonic measure
at the origin for a set consisting of n inward radial slits of the unit
disk {z : |z| < 1} cutting to a common fixed length r ∈ (0, 1) from
the origin. The author is grateful to Alexander Ere¨menko and Fedor
Nazarov for pointing him to Dubinin’s work.
Theorem 3 (Dubinin). The hedgehog K(a1, . . . , an) ⊂ C has transfi-
nite diameter at most
(
maxi |ai|n/4
)1/n
, with equality if and only if the
points a1, . . . , an form the vertices of a regular n-gon centered at the
origin.
Proof. This is tantamount to the r → 0 limit case of the Corollary
(to Theorem 1 of loc.cit.) on page 270 of Dubinin’s paper [25]. Re-
call that the transfinite diameter of a compact set K ⊂ C is equal to
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the logarithmic capacity of K with respect to the divisor [∞] on the
Riemann sphere Ĉ. If Ĉ \ K is simply connected (as is the case with
our hedgehogs), the latter is furthermore equal to the inverse of the
conformal mapping radius of Ĉ \ K from the point ∞. It remains to
note the monotonicity of transfinite diameter under inclusion, and that
the transfinite diameter of the rotationally symmetric hedgehog with
n spikes of a common length b1/n is equal to (b/4)1/n. (A line segment
of length b has transfinite diameter b/4, and our rotationally symmet-
ric hedgehog is just the inverse image of the segment [0, b] under the
map z 7→ zn. One may also see this value by observing that the map
z−1 7→ z−1/(1 − bz−n/4)2/n = z−1 + O(z−2) is a conformal isomor-
phism from the disk |z−1| < (4/b)1/n about ∞ onto the complement
Ĉ \ K(b1/ne2πih/n : 0 ≤ h < n).)
For alternative approaches, we refer to the discussion in [32], based
around the paper [31] of Konyagin and Lev. Dubinin’s desymmetriza-
tion method, and the proof of Dubinin’s theorem, is exposed in detail
in section 4.4 of the book [27], and a related treatment can be also
found in Baernstein [9] or Haliste [30]. 
4. Gluing it together by arithmetic algebraization:
Bertrandias’s theorem
The simplest route to concluding the proofs of Theorems 1 and 2 is
by applying Bertrandias’s rationality theorem [11, 1, 16]. We recall here
the relevant special case. As is customary, we denote by Ĉ the Riemann
sphere and by d(A) the transfinite diameter of a compact subset A ⊂
C. We refer to Amice [1], section 5.4.1 for the definition and basic
properties of transfinite diameter. We note that Andre´’s rationality
theorem VIII 1.6 in [6] (cf. the proof of Theorem 7 below) may be
also used as an alternative for Bertrandias’s theorem, at the expense
of worse numerical constants in Theorems 1 and 2. For simplicity,
since this suffices for our application, we only consider round circular
domains at the non-Archimedean places. Here, as in Proposition 2.6,
the v-adic absolute values follow the standard normalization |ℓ|v = 1/ℓ
for the unique rational prime dividing ℓ | v.
For the proof of Theorem 1, the reader may simply take Corollary 5
below (the case OF,S = Z in the following).
Theorem 4 (Bertrandias [11, 1, 16]). Let F be a number field and
S ⊂ MfinF a finite subset of its non-Archimedean places. Consider a
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formal power series
f(1/X) =
∑
n≥0
anX
−n ∈ OF,S[[1/X ]]
with S-integral coefficients an ∈ OF,S. For every v ∈ S, suppose that
f(1/X) is convergent on the v-adic disk |1/X|v < Rv. Further, for
every field embedding σ : F →֒ C, consider a compact subset Kσ ⊂
C such that Ĉ \ Kσ is connected and the power series fσ(1/X) :=∑
σ(an)X
−n has analytic continuation to Ĉ \ Kσ. If
(18)
∏
σ:F →֒C
d(Kσ) <
∏
v∈S
Rv,
then f ∈ F (X) ∩ F [[1/X ]] is a rational power series.
The right-hand side of (18) is understood to be = 1 in the case S = ∅
of an empty product (a power series in OF [[1/X ]]).
An outline of the proof. For the reader’s convenience, we include
some indications on the proof of Bertrandias’s theorem. As will be
apparent from this outline, it is not necessary to have Kσ = Kσ for
complex conjugate embeddings σ and σ.
The argument, exposed in detail by Amice [1], is based on Kro-
necker’s criterion translating rationality of f to the vanishing of the
determinants Dk(f) := det
(
ai+j+1
)k
i,j=0
∈ OF,S for all large enough k.
The result is a majorization of |NF/Q(Dk(f))|, which is a rational
S-integer of denominator bounded by
∏
v∈S R
−k2+o(k2)
v . For any se-
quence p0(z), p1(z), . . . of complex monic polynomials with deg pj = j,
and complex embedding σ : F →֒ C, the determinant Dk(fσ) =
det
(
resz=0(f
σ(1/z)pi(z)pj(z) dz)
)k
i,j=0
. The polynomials pj(z) are cho-
sen according to Chebyshev’s minimax problem on Kσ: there exists
such a sequence (pj)j∈N satisfying supKσ(ǫ) |pj | < (d(Kσ)+oǫ→0,j→∞(1))j,
on the ǫ-thickening Kσ(ǫ) of Kσ. With this choice of the monic polyno-
mials pj(z) at σ, one applies the Cauchy residue formula and Hadamard’s
volume inequality to bound the absolute value of the latter determinant
by the product of the L2-norms of its rows. It results that
lim sup
k∈N
∣∣∣σ( det (ai+j+1)ki,j=0)∣∣∣ 1k2 ≤ d(Kσ),
for each σ : F →֒ C.
We spell out the special case of OF,S = Z, which suffices for Theo-
rem 1.
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Corollary 5. An integer coefficients formal power series f(1/X) ∈
Z[[1/X ]] is rational as soon as f(1/X) is analytic on a connected com-
plement Ĉ \ K of some compact set K ⊂ C having transfinite diameter
d(K) < 1.
We have now assembled all the pieces necessary to prove our main
result.
Proof of Theorem 1. As a preliminary remark, let us start by
noting that it is no loss of generality for Theorem 1 to assume that
our polynomial is reciprocal. Indeed, by Smyth’s theorem [39], a non-
reciprocal integer polynomial of degree n > 1 has at least one root
outside of the disk |z| < ρ1/n, where ρ = 1.324 . . . > 1.189 . . . = 21/4 is
the real root of ρ3 = ρ + 1. Hence the reader may assume at this
point that our monic integer polynomial P is reciprocal, and take
P ⋆ = P in the following. This reduction however is not necessary,
and with an eye to the generalization for Theorem 2 below, we shall
denote P ⋆(X) = XnP (1/X) the reciprocal polynomial. It has com-
plex factorization P ⋆(X) =
∏n
i=1(1−αiX) and associated polynomials
P ⋆m(X) :=
∏n
i=1(1 − αmi X) = (Pm)⋆. Our monicity convention for P
now translates into the free term condition P ⋆(0) = 1, so that Propo-
sition 2.2 is applicable to P ⋆.
Consider the power series
f(1/X) :=
√
P ⋆2 (1/X)P
⋆
4 (1/X) ∈ Z[[1/X ]],
where the integrality of coefficients comes from Proposition 2.2. We
apply Bertrandias’s Theorem (Corollary 5) to this power series f(1/X)
and the hedgehog
K := K(α2i , α4i : P (αi) = 0) = K(α : P ⋆2 (1/α)P ⋆4 (1/α) = 0) ⊂ C
of 2n vertices (possibily with overlapping edges) α2i , α
4
i , where α1, . . . , αn
are the complex roots of P (X). By Dubinin’s Theorem 3, this hedgehog
has transfinite diameter bounded above by
d(K) ≤
(maxi |αi|4·2n
4
) 1
2n
=
(maxi |αi|8n
4
) 1
2n
.
Suppose now that maxi |αi| < 2 14n . Then d(K) < 1, and since the
power series f(1/X) has analytic continuation to the connected and
simply connected domain Ĉ \ K in the Riemann sphere avoiding the
branch points of the square root, Bertrandias’s Corollary 5 yields the
rationality of the power series f(1/X). This means that the polynomial
P2P4 is a perfect square. If the polynomial P2(X) ∈ Z[X ] is irreducible,
this is only possible when P4 = P2; Lemma 2.3 tells us that this is
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equivalent to P being a cyclotomic polynomial of an odd level. If to the
contrary P2 is reducible, the minimal polynomial Q(X) of α
2
1 has degree
degQ = deg P/2 = n/2, and its roots are at the set {α21, . . . , α2n}. Upon
passing in this way from P to Q, Theorem 1 now follows by induction
on the degree n.
Proof of Theorem 2. It follows similarly from Bertrandias’s theorem
over the Galois closure F of the number field K. Clearing denomi-
nators, we may assume that our irreducible polynomial P ∈ Op[X ]
has coefficients in Op. With P
⋆(X) := XnP (1/X) denoting again the
reciprocal, so that P ⋆(0) = a0 is the leading coefficient of P (X), we
consider at every complex embedding σ : F →֒ C the hedgehog
Kσ := K
(
α : (P σpe · P σκp2 )(α) = 0
)
with m ≤ 2n spikes, where e = 1 or 2 according to the cases (i) or (ii)
in Lemma 2.5, and κ ∈ Gal(F/Q) the Amoroso-Dvornicich element in
Lemma 2.5. Consider now the algebraic power series
f(1/X) := p
√
P ⋆pe(1/X)
p−1(P κp2)
⋆(1/X) ∈ OF,S[[1/X ]],
where S ⊂MfinF is the set of non-Archimedean places of F dividing a0 =
P ⋆(0). The S-integrality of this expansion comes from Proposition 2.6.
By Dubinin’s theorem, our hedgehog Kσ has transfinite diameter
d(Kσ) ≤
(maxα: (Pσ ·Pσκ)(α)=0max(|α|p2·m, |α|p·m)
4
) 1
m
≤ maxα: (Pσ ·Pσκ)(α)=0max(|α|, 1)
p2
21/n
,
as our number of spikes m ≤ 2n. Multiplying these estimates over all
complex field embeddings σ : F →֒ C, each polynomial σ(P ) = P σ
occurs twice in the total product. By Proposition 2.6, we furthermore
know that f(1/X) is convergent on the v-adic disk |1/X|v < Rv of the
radius Rv := (|a0|v/maxni=0 |ai|v)pe+1 , for every v ∈ S. Here P (X) =
a0X
n + · · ·+ an, and we have
cP/F =
∏
v∈Mfin
F
maxni=0 |ai|v
|a0|v =
∏
v∈S
maxni=0 |ai|v
|a0|v ∈ N.
Thus
∏
v∈S Rv = c
−pe+1
P/F and, noting that p
e+1 ≤ p3 in any case, we find
that the condition (18) in Bertrandias’s theorem is met as soon as the
σ-average
(19)
p3
[F : Q]
log cP/F +
2p2
[F : Q]
∑
σ:F →֒C
max
α: σ(P )(α)=0
log+ |α| < log 2
n
.
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If the coefficients of P are already contained by a subfield K ⊂ F , the
left-hand side of this inequality is unchanged when F is replaced by K.
Consider now in turn the two alternatives (i) (p unramified in F ) and
(ii) (p ramified in F ) of Lemma 2.5. In the former case, by Lemma 2.3,
the conclusion p
√
P p−1p P κp2 ∈ Q(X) from Bertrandias’s theorem (note
that n > 1 and we assume P to be irreducible over Op ⊃ µ∞) means
that p | n and Pp(X) = Q(X)p for some polynomial Q(X) ∈ Op[X ]
of degree n/p. Then the first clause of Theorem 2 follows inductively
on passing to the irreducible factors of the degree-n/p polynomial Q,
whose roots are at the set {αp | P (α) = 0}.
If instead p ramifies in the number field F , so that we are under
the case (ii) of Lemma 2.5 and Proposition 2.6, the conclusion from
Bertrandias’s theorem is that either Pp2 and P
κ
p2 are scalar-proportional,
or else p | n and the polynomial Pp2(X) is a perfect p-th power. In the
latter alternative, Lemma 2.8 tells us that already Pp(X) = Q(X)
p is
a perfect p-th power and, similarly to the previous, we get the first
clause of Theorem 2 by induction on the degree, on passing again to
the irreducible constituents of the degree-n/p polynomial Q ∈ Op[X ].
To conclude the proof of the first clause of Theorem 2, it remains
to consider the former alternative, that a−p
2
0 Pp2 = (a
−p2
0 Pp2)
κ. In that
case, Lemma 2.5 supplies the existence of a root of unity ζ ∈ µNp
such that (a0ζ
n)−1P (ζX) ∈ (CN/p · Qt.p)[X ]. Now we conclude by a
level-lowering induction upon replacing the polynomial P (X) ∈ (CN ·
Qt.p)[X ] by the polynomial
P˜ (X) := (a0ζ
n)−1 · P (ζX) ∈ ((CN/p ·Qt.p)[X ],
which remains irreducible over Op and has cP˜ /K = cP/K .
In the case (p ∤ N) that p is unramified in F , we have e = 1 in the
previous, and the condition (19) for Bertrandias’s theorem naturally
strengthens to a p2 coefficient instead of p3 in log cF/K , leading to the
second clause of Theorem 2.
For the third clause, consider finally the case that P ∈ Qt.p[X ], so
that we have e = 1 and κ = id in the previous. The estimate on the
transfinite diameter d(Kσ) of our hedgehog then improves as follows. If
σ : F →֒ C is such that σ(P ) = P σ ∈ C[X ] has a root outside of the unit
disk |X| ≤ 1, then maxα:Pσ(α)=0max(|α|p2, |α|p) = maxα:Pσ(α)=0 |α|p2.
If to the contrary all the roots of P σ ∈ C[X ] are contained by the
disk |X| ≤ 1, then maxα:Pσ(α)=0max(|α|p2, |α|p) = maxα:Pσ(α)=0 |α|p.
Unifying, we have
max
α:Pσ(α)=0
max(|α|p2, |α|p) = max
α:Pσ(α)=0
{
max(|α|, 1)p2 ·max(|1/α|, 1)−p}
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in either case, leading to the improved estimate
d(Kσ) ≤
maxα:Pσ(α)=0
{
max(|α|, 1)p2 ·max(|1/α|, 1)−p}
21/n
,
and to the third clause of Theorem 2 on totally p-adic coefficients.
5. Some further results and questions
In this final section we indicate a further improvement on our basic
constant 21/4 in the reciprocal and atoral case of Theorem 1, an ex-
tension of Theorem 1 to heights of holonomic (D-finite) power series,
and an application of Theorem 2 raising the possibility of a Lehmer
problem relative over Qab ·Qt.p.
5.1. The following becomes of interest upon noting that the best avail-
able constant (Dubickas [22, 23]) to date on the non-reciprocal case of
the Schinzel-Zassenhaus problem is 0.3096 . . . < 0.346 < (log 2)/2. In
the case of a reciprocal polynomial without roots on the unit circle, we
obtain the stronger constant (log 2)/2.
Theorem 6. If P ∈ Z[X ] is a monic reciprocal polynomial of degree
n > 1 and non-vanishing on the unit circle, then P has a root α with
|α| ≥ 2 12n .
Proof. Since P is reciprocal of degree n > 1, and without roots on
the unit circle, the degree n = degP is even and the complex roots of
P occur in n/2 radial pairs (α, 1/α¯) about the unit circle. Thus the
hedgehog K(α2, α4 : P (α) = 0) used in the proof of Theorem 1 has
a total number of at most n, rather than 2n, non-overlapping spikes.
Dubinin’s theorem then bounds
d(K) ≤
(maxα:P (α)=0 |α|4n
4
) 1
n
,
whence the constant 21/4 of Theorem 1 improves to 21/2 in this situa-
tion. 
5.2. In this section we compare the bounds in Theorems 1 and 6
to previous results available in the literature. The strongest previous
asymptotic result on the Schinzel-Zassenhaus conjecture was the one
obtained by Dubickas [21] with Dobrowolski’s method:
max
α:P (α)=0
log |α| ≥
(64
π2
− on→∞(1)
)1
n
( log logn
logn
)3
.
Up to the numerical coefficient, this is of the same strength as Do-
browolski’s general lower bound [20] on Mahler measure. The latter
remains the best known on the Lehmer problem in the case of Salem
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numbers, which is the opposite of the Schinzel-Zassenhaus case stud-
ied by our present paper. Dobrowolski’s method [19, 20] is based on
an extensive use of the mod p congruences Pp ≡ P mod p · Z[X ], for
P (X) ∈ Z[X ], which have since become a standard tool in the subject.
On the other hand, for the small degrees 37 ≤ n < 60, the sharpest
bound remains the one by Matveev [33], with a precision by Rhin and
Wu [35]:
(20) max
α:P (α)=0
log |α| ≥ 3 log(n/2)
n2
.
Matveev’s bound (20) also holds in the range 12 ≤ n ≤ 36, but for
29 ≤ n ≤ 36 it is superseded by the results of Flammang, Rhin and
Sac-E´pe´e [29] determining the complete list of integer polynomials of
degree up to 36 and Mahler measure at most 1.324, and for n ≤ 28 it
is superseded by the results of Rhin and Wu [35] determining the least
positive value of maxα:P (α)=0 log |α| in each degree n ≤ 28.
For n ≥ 59, our Theorem 1 becomes stronger than Matveev’s bound
(20). In the “atoral” case of a reciprocal polynomial without roots on
the unit circle, Theorem 6 improves upon (20) already for n ≥ 20.
5.3. We also obtain a similar height lower bound for holonomic power
series with rational (not necessarily S-integral) coefficients. The fol-
lowing is in the style of Bell-Nguyen-Zannier [10], and had been our
starting point in the present enquiry; it is the precise counterpart of
Theorem 1 in the irrational holonomic case. To make the connection,
note indeed that h(1/P ) = maxα:P (α)=0 log |1/α|, whenever P ∈ Z[X ]
is an integer polynomial with P (0) = 1, and h(f(Xm)) = h(f(X))/m,
where the number of singular points of f(Xm) is m times the number
of singular points of f(X).
Theorem 7. For f(X) =
∑
n≥0 anx
n ∈ Q[[X ]] \ {0} a formal power
series with rational coefficients, define its height by
h(f) := lim sup
n∈N
1
n
h([a0 : . . . : an]),
the upper exponential growth rate of the Weil heights of the coefficients
vectors of the polynomial truncations of f . Suppose that f(X) satisfies
a non-zero linear differential equation Lf = 0, where
L = q(X)
∂r
∂Xr
+
r−1∑
i=0
ai(X)
∂i
∂X i
, q; a0, . . . , ar−1 ∈ Q[X ]
is a linear differential operator with polynomial coefficients. Let k de-
note the total number of distinct roots of the leading polynomial q(X),
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not counting multiplicities: the total number of (apparent) singularities
for the differential equation, not counting the possible singularity at∞.
Then either f(X) is a rational function of the special form f(X) =
p(X)/(Xk − 1)m, with p(X) ∈ Q[X ] a polynomial; or else its height
fulfills the uniform lower bound
(21) h(f) ≥ 1
150k
.
In the case that f(X) ∈ Z[[X ]] has integer coefficients, but is not ra-
tional, the numerical coefficient in the lower bound (21) furthermore
strengthens to the best-possible value log 4:
(22) h(f) ≥ log 4
k
.
To see the sharpness of the value log 4 in the Z[[X ]] case, observe
that the key example (3) of f(X) :=
√
1− 4X ∈ Z[[X ]] has a single
branch point at X = 1/4, and height h(f) = log 4.
Proof. The Z[[X ]] case is an immediate combination of Dubinin’s Theo-
rem 3, Bertrandias’s Corollary 5 applied to f(1/X) with K the hedge-
hog with vertices at the singular points of f(1/X), and the obvious
formula h(f) = log+ (1/ρ) whenever f(X) ∈ Z[[X ]] has rational inte-
ger coefficients and Archimedean convergence radius ρ.
For the general Q[[X ]] case, we instead use a rationality theorem of
Andre´ ([6], VIII 1.6), and combine it with our Theorem 1 and a similar
argument to its proof, based on Dubinin’s theorem. The following
particular case of Andre´’s theorem results with the choices µ = 2, ν = 1;
τ := 2; y0 = 1, y1 = f(X); K = Q, V = {∞}; f1,∞ = z, g∞ = 1;
κ∞ = R, so that S := exp(χ∞):
The formal power series f(X) ∈ Q[[X ]] \ {0} is rational
as soon as there exist two radii S ≥ R > 0 satisfying
logR− 3
4
log S > 3h(f),
and a complex analytic function x(z) : D(0, R)→ D(0, S)
with x(0) = 0 and x′(0) = 1, such that the power series
f(x(z)) ∈ C[[z]] is convergent on the disk D(0, R).
We again apply Dubinin’s theorem [25] (the Corollary on page 270).
Let Σ ⊆ {α ∈ C× | q(α) = 0} ⊂ C× be the set of finite singularities of
f , not counting the possible singularity at∞ ∈ Ĉ. As those are among
the roots of the leading polynomial coefficient (“denominator”) q, we
have |Σ| ≤ k. With S ≥ max(|α| : α ∈ Σ) a parameter, consider the
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simply connected planar domain (a k-slit disk)
U := D(0, S) \ {[1, S/|α|] · α : α ∈ Σ}.
By Dubinin’s theorem, the conformal mapping radius of (U, 0) is not
smaller than the one for the rotationally symmetric domain
D(0, S) \ {[b, S] · e2πih/k : 0 ≤ h < k}, b := min
α∈Σ
|α|,
which in turn is precisely equal to
R :=
( 4bkS2k
(bk + Sk)2
)1/k
=
4
1
k bS2
(bk + Sk)2/k
,
by an explicit computation of the Riemann map of the slit circular disk
D(0, Sk)\ [bk, Sk], for which we refer for example to Rumely [36], (2.50)
on page 18. Hence, with this choice of R = R(S, b) = R(S,minα∈Σ |α|),
there exists an analytic map x(z) : D(0, R)→ D(0, S) such that x(0) =
0, x′(0) = 1, and the power series f(x(z)) ∈ C[[z]] is convergent on the
disk D(0, R) = {z : |z| < R}. With the arbitrary parameter S ≥ b,
Andre´’s theorem yields that either f is rational, in which case the
conclusion follows from Theorem 1; or else it fulfills the height lower
bound
h(f) ≥ log 4
3k
+
1
3
log b− 1
4
logS − 2
3k
log
(
1 + (b/S)k
)
.
Choosing S := 21/kb, and estimating
log 4
3
− log 2
4
− 2
3
log (3/2) = 0.018 . . . >
1
100
,
we get h(f) ≥ 1
100k
+ 1
12
log b. We have in any case h(f) ≥ log+(1/b), on
considering that 1/b is the Archimedean convergence radius of f(X),
hence h(f) ≥ 1
100k
− 1
12
h(f), and finally h(f) ≥ 1
150k
. 
5.4. We give an application of Theorem 7 to an upper estimate of
the least critical value for certain rational functions. In the polynomial
case it is subsumed by Dubinin’s solution [26] of an extremal problem
of Smale [38], but for rational functions this type of inequality seems to
be new. It would be interesting to clarify the cases where the equality
holds (they include R(z) = z±z2, and no further polynomials thanks to
Dubinin’s bound [26]), and to give a refinement about rational functions
in C(z), rather than Q(z).
Corollary 8. Let R(z) ∈ Q(z) be a rational function of degree n > 1
and having R(0) = 0 and R′(0) 6= 0. Write R(z) = P (z)/Q(z) with
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P (z), Q(z) ∈ Z[z] integer polynomials, and assume that P ′(0) = 1.
Then the least critical value of R(z) satisfies the upper bound
(23) min
{|R(w)| : R′(w) = 0} ≤ exp(− log 4
degP + degQ− 1
)
.
Proof. Consider the bivariate rational function
F (X, Y ) =
∑
i,j≥0
ai,jX
iY j :=
1
XQ(Y )− P (Y )/Y ∈ Z[[X, Y ]],
where the integrality property of the expansion comes from a geometric
series expansion using our assumption P (Y )/Y ∈ 1 + Y Z[[Y ]]. Let
f(z) :=
∑
i≥0 ai,iz
i be the diagonal power series. It is algebraic by the
Cauchy integral formula
f(z) =
1
2πi
∫
|y|=ǫ
1
(z/y)Q(y)− P (y)/y
dy
y
=
1
2πi
∫
|y|=ǫ
Q(y)
z − R(y) dy,
whose evaluation by residues shows more precisely that f(z) is algebraic
of degree n and with branch points among the critical value set {R(w) :
R′(w) = 0} of the rational function R(z).
As f(z) ∈ Z[[z]], the height h(f) = log+ (1/ρ), where ρ is the
Archimedean convergence radius. By the remark on the branch points,
the latter is of the form ρ = |R(w)| for some critical value R(w),
R′(w) = 0, of R. As f(z) /∈ Q(z) and has degP + degQ− 1 singulari-
ties (the critical values of the rational function R = P/Q), Theorem 7
yields the minorization log+ 1/|R(w)| ≥ log 4
deg P+degQ−1
. This is equiva-
lent to (23). 
5.5. Our next result, an application of Theorem 2, raises the pos-
sibility of a relative Lehmer conjecture over totally p-adic fields. The
Qab-relative conjecture, and a Dobrowolski-strength result in this direc-
tion, was discovered by Amoroso and Zannier [5] soon-after the lead [4]
by Amoroso and Dvornicich. The Bogomolov height gap property for
the field Qab ·Qt.p is itself contained in Theorem 1.5 in Amoroso-David-
Zannier [3]. The following result, and the question whether its exponent
“−2” may possibly be raised to the Lehmer-strength exponent “−1,”
is then very much in the spirit of [3] and [5].
Theorem 9. For α ∈ Gm(Q¯) \ µ∞ a non-torsion algebraic point of
the multiplicative group, and p an arbitrary prime, the following lower
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bounds hold on the absolute canonical Weil height:
h(α) ≥ log 2 · (p · [Qt.p(α) : Qt.p])−2.
h(α) ≥ (log
√
2) · p−3 · [Qab ·Qt.p(α) : Qab ·Qt.p]−2.
Moreover, if either α is an algebraic integer or p is unramified in Q(α),
then the latter bound strengthens to
h(α) ≥ (log
√
2) · (p · [Qab ·Qt.p(α) : Qab ·Qt.p])−2.
Proof. Let
n := [Qt.p(α) : Qt.p], resp.
n := [Qab ·Qt.p(α) : Qab ·Qt.p]
so that α satisfies a degree-n equation P (α) = 0 over some number field
K ⊂ Qt.p, resp. K ⊂ Qab · Qt.p. For every complex field embedding
σ : K →֒ C, we estimate in Theorem 2 trivially
max
β: σ(P )(β)=0
log+ |β| ≤
∑
β:σ(P )(β)=0
log+ |β|.
It remains to note that
h(α) =
m(F )
[K : Q]
=
1
[K : Q]
log cP/K +
1
[K : Q]
∑
σ:K →֒C
β:σ(P )(β)=0
log+ |β|,
where F = const · NK/Q(P ) ∈ Z[X ] is the minimal equation of α over
Z; its leading coefficient is cP by definition. The result now follows
from Theorem 2. 
5.6. Some open problems. In the reverse direction to Theorem 9,
the example of the n-th radical from a root of the Qp-split equation
Xp−1 − pX − 1 = 0 shows that h(α) and
1
[K : Q]
∑
σ:K →֒C
max
α: σ(P )(α)=0
log+ |α|
can both be as small as . log p
p−1
1
n
as P ranges over the irreducible degree-
n monic non-cyclotomic polynomials over the ring of algebraic integers
in Qt.p, for every p and n, where the implied coefficient is understood
to approach 1 in the p → ∞ asymptotic, uniformly in n. This leaves
something to be desired in both the p and n aspects of Theorem 9, and
indeed already in the p aspect of Theorem 2.
While it is known (Pottmeyer [34]) that
inf
α∈Gm(Qt.p)\µ∞
h(α) = (1− op→∞(1)) log p
p
,
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to the best of our knowledge it is already an open question which of
the basic ≪ log p
p
upper or ≫ log p
p2
lower bounds is closer to the truth
on the quantities
inf
α∈Gm(Q¯)\µ∞
[Qt.p(α):Qt.p]=2
h(α) and lim inf
α: [Qt.p(α):Qt.p]=2
h(α);
the lim inf here denoting the first accumulation point of the heights of
algebraic numbers fulfilling a quadratic equation over a totally p-adic
number field. One may even ask, extending a conjecture of Fili [28]
(possibly also adding several simultaneous splitting conditions), whether
the basic lower bounds
lim inf
α∈Z¯ algebraic integer
[Qt.p(α):Qt.p]=n
h(α) ≥ 1
p− 1
log p
n
and
lim inf
α∈Q¯
[Qt.p(α):Qt.p]=n
h(α) ≥ p
p2 − 1
log p
n
on the respective first accumulation points ought to be equalities.
Whether or not a totally real or CM analog should exist of Theo-
rems 2 and 9, under the additional (and necessary) proviso that the
polynomial NK/Q(P ) ∈ Z[X ] has at least one root off the unit circle,
remains completely open to the method. Likewise for the apparently
closely related generalization of the Schinzel-Zassenhaus problem raised
by Chowla and Blanksby [15], who drew a motivation from Tura´n’s
power sums method: if a non-monic integer polynomial qXn + · · · ∈
Z[X ] of degree n and leading coefficient q has a root outside of the
closed unit disk |X| ≤ 1, does it also have a root outside of the larger
disk |X| ≤ 1 + c/(qn)?
Lastly, apart from the more routine task of extending Theorem 2
relatively over certain infinite degree fields more general than Qab ·Qt.p
(such as the ones studied for Property (B) by Amoroso, David and
Zannier [3]), it could be valuable to try to extend the method higher
dimensionally, the first interesting case being a G2m version of the
Schinzel-Zassenhaus problem in the spirit of Amoroso and David [2]:
if α, β ∈ Q¯× are multiplicatively independent non-zero algebraic num-
bers, and n denotes the minimum degree of a non-zero algebraic re-
lation P (α, β) = 0 in Z[X, Y ], is there some complex field embedding
σ : Q(α, β) →֒ C under which at least one of log |σ(α)| or log |σ(β)|
is ≫ 1/n? The Amoroso-David theorem [2] includes a proof of the
weaker ≫ǫ n−1−ǫ bound, for any ǫ > 0. Whereas the rationality the-
orem has multivariate variants such as VIII 1.6 in Andre´ [6], a major
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new difficulty here appears to be in interpreting the multiplicative in-
dependency hypothesis for α and β, and finding something to take the
place of our basic criterion for cyclotomy via the rationality of
√
P2P4.
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